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Signed Graphs Represented by D 00 
G. R. VIJAYAKUMAR* 
In this paper, a characterization of the family of sigraphs represented by Dn for all n is proved. 
The minimal forbidden sigraphs for that family are described. Using that it is shown that any 
minimal forbidden sigraph for the family of sigraphs with eigenvalues;;, - 2 has at most 10 vertices. 
An application to quadratic forms is also given. 
1. INTRODUCTION 
A sigraph is a pair S = (X, </J) where X is a finite set [called the set of vertices and denoted 
by V(S)] and </J: X x X -+ { - 1, 0, I} satisfying for all x, y in X, </J(x, y) = </J( y, x) and 
</J(x, x) = 0 (</J is called the edge function). 
A sigraph S is said to be minimal forbidden for a family of sigraphs Cff, if S is not in Cff 
but every proper induced subgraph of S is in Cff. If a family of sigraphs Cff is hereditary (i.e. 
S E Cff => every induced subgraph of S E Cff), then clearly Cff can be completely described if 
all of its minimal forbidden sigraphs are known. 
Let [Roo be the countably-infinite dimensional Euclidean space with usual Euclidean inner 
product <, > and W, a subset of [Roo. We say that W represents a sigraph S = (X, </J) if there 
is a map IjJ: X -+ W such that for all x, y in X 
< IjJ(x), IjJ( y» = {</J(X, y), 
2, 
if x #- y, 
if x = y. 
IjJ is called a representation of Sin Wand S is said to be represented by W. Let R( W) denote 
the family of sigraphs represented by Wand .A (W) the class of minimal forbidden sigraphs 
for R( W). Since R( W) is hereditary, it can be characterized if a good description of .A (W) 
is known. 
Let &B = {ei I i = 1, 2, ... } be an orthonormal basis for [Roo. Define 
Doo = {± ei ± ej Ii, j = 1,2, ... , i #- j}. 
The aim of this paper is to study the class R(Doo). The interest in this class is mainly due 
to its relationship with L 2 , the family of sigraphs with eigenvalues ~ - 2 (see Section 4 for 
details). The family of sigraphs represented by Doo has been widely studied (see [1, 2, 3, 5, 
7]). In fact they are precisely the generalized line graphs defined by Hoffman [3] (see also [2] 
and [5]). In Section 3, a characterization is given for the family R(Doo). Using this, we give 
a description of .A(Doo). In particular it is shown that any sigraph in .A(Doo) has at most 
6 vertices. 
The family .A(DaJ clearly includes the class of all minimal forbidden graphs for the 
family of generalized line graphs, which were obtained in [2,5] (see also [7]). Thus from our 
description of .A(Doo), the minimal forbidden graphs for the family of generalized line 
graphs can also be computed. 
In Section 4, by using the fact that any sigraph in .A(Doo) has at most 6 vertices, it is 
shown that any minimal forbidden graph for L 2 , the family of sigraphs with eigenvalues 
~ - 2 has at most 10 vertices. This result for the particular case of graphs was proved in 
[4] (see also [7]). As an application we prove that if a quadratic form Q given by 
n 
Q(x) = L x; + 
i~1 
L f-ijXiXj' f-ij E 71., 
1 ~;<j~n 
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is not positive semi definite then there exists a vector Xo E [Rn with at most 10 non zero 
coordinates such that Q(xo) < O. 
2. PRELIMINARIES 
Throughout this section, W denotes a subset of [Roo such that w E W => - W E W. 
Two sigraphs Si = (X;, ¢;), i = 1, 2 are said to be switching equivalent if there are 
functions f XI --+ X 2 and 'l: XI --+ {- 1, I} such that f is a bijection and -for all x, y in XI' 
'lex) ¢I (x, y) 'l( y) = ¢if(x), f( y)) 
(see for example [8]). 
REMARK 2.1. If two sigraphs SI and S2 are switching equivalent then 
(a) SI E R(W) => S2 E R(W) 
and 
(b) SI E .Jt(W) => S2 E .Jt(W). 
PROPOSITION 2.2. Suppose that no induced subgraph of a sigraph S is switching equivalent 
to Hi, i = 1, 2, 3 (in Figure I). Then S E R(Doo). 
A 
/ \ 
I \ 
/ \ 
o:----~ 
FIGURE I. (Solid lines are positive edges and dashed lines are negative). 
PROOF. Let Su = (X, ¢.) be the underlying graph of S where ¢u is defined by 
¢u(x, y) = I ¢(x, y) I for all x, y in X. By Van Rooij and Wilf's characterization of line 
graphs [6], Su is a line-graph. Let T be a root-graph of Su (i.e. Su is the line graph of T) 
without isolated vertices. 
Let rJ. be any vertex in V(T). Define a function 'la: Ea --+ {- 1, I} such that for any 
e, e' E Eae # e', 'laCe) . 'laCe') = ¢(ee') where Ea is the set of edges incident with rJ. (such 
a function 'la can be chosen as follows: For some e E Ea define 'laCe) = 1; for any other 
e' E Ea define 'laCe') = ¢(e, e'). Since S does not contain induced subgraphs which are 
switching equivalent to H3 it can be seen that 'laCe') • 'la(e") = ¢(e'· e") for any e', e" E Ea). 
For each vertex rJ. E V(T) assign a vector ea in !JB such that different vertices are assigned 
different vectors. 
Now define a map 1/1: E(T) --+ Doo as follows: For any e E E(T), 
1/1 (e) = 'laCe) ea + 'lp(e) ep, 
where rJ. and p are the end vertices of e. 
It can be verified that for any e, e' E E(T) 
¢(e, e') = < 1/1 (e), 1/1 (e') > if e # e'. 
Thus S has a representation in Doo. 
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LEMMA 2.3. Any inner product preserving map A: W -+ lRoo can be extended to an auto-
morphism of IR OO (i.e . a bijective. linear and inner product preserving map from IR OO to lRoo ), if 
W is finite. 
PROOF. Let L(W) be the linear span of W in lRoo . For any vector 
define 
Since 
n 
L IXjWj E L(W), 
;=1 
n 
L IXjWj 
j ~1 
IXj E IR, i = I, . . . , n, 
n 
L IX)(WJ 
j~1 
n 
L IXjlXj < Wi> wj ) 
j,j~1 
n 
L IXjlXj <A(W;), ).(w) 
j.j~1 
( j.t I IX)( w;), j.t I a)( w;) ), 
n 
o ~ L a)(w;) = O. 
;=1 
Therefore A is well defined and one to one. Obviously it is linear and preserves inner 
products. Since W is finite, L( W) is finite dimensional and therefore A can be extended to 
an automorphism of lR oo . Any such extension fulfills our requirement. 
The above lemma implies the following: 
PROPOSITION 2.4. If a sigraph S has two representations t/ll and t/l2 in lRoo , then there is an 
automorphism () of IR OO such that () 0 t/ll = t/l2' 
PROPOSITION 2.5. If two sigraphs Sand T have representations t/I and ~ respectively in lR oo 
where T is an induced subgraph of S. then ~ can be ex tended to a representation of S in lR oo . 
PROOF. By the previous proposition there is an automorphism () of lR oo such that 
() a t/I T = ~ where t/I T is the restriction of t/I to T. Then () a t/I satisfies the required property. 
PROPOSITION 2.6. Let ~ be a representation of an induced subgraph T of a sigraph S in 
R(W). Then 
L ax ~(x) = 0, axs E IR => L aA(x, a) = 0, 
XEV(T) XE Ve T) 
for any vertex a E (V(S) - V(T)). 
PROOF. Let t/I be a representation of S in W. Suppose 
L IXx ~(X) = 0, 
X E VeT) 
Then by Proposition 2.4, 
L ax t/I(x) O. 
XE Ve T) 
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Therefore for any a E (V(S) - V(T», 
/ L ax"'(x), ",(a») 0, 
\XEV(T) 
l.e. 
L ax <"'(x), "'(a) > 0, 
XEV(T) 
i.e. 
L ax ¢(x, a) = ° 
XE V(T) 
The above proposition gives a necessary condition for a sigraph to have a representation 
motivating the following definition. 
A sigraph S is said to satisfy linear relational property (abbreviated as lrp) if for every 
induced subgraph T of S and for every representation ~ of T. 
L ax ~(x) = 0, 
XE V(T) 
=> L ax ¢(x, a) = ° for any a E (V(S) - V(T». 
XE V(T) 
We say that a sigraph S has a linearly dependent (independent) representation", if'" is a 
representation of S such that "'(V(S» is a linearly dependent (independent) subset of lR oo • 
Note that by Proposition 2.4, if one representation of a sigraph S is linearly dependent 
(independent) then so is every representation of S. 
Let S be a sigraph and A any subset of V(S). Then S[A] denotes the induced subgraph 
of S spanned by A. 
PROPOSITION 2.7. Let T be an induced subgraph of a sigraph S E A(W). Suppose there 
is a vertex a E V(T) such that the following hold: (a) there is a representation ~ ofT such that 
~(a) is a linear combination of other ~(x)s and (b) any representation of S[V(T) - {a}] in 
W can be extended to a representation of T in W. Then 
(a) S does not satisfy lrp, 
(b) S E A(IROO ), and 
(c) I V(S)I = I V(T)I + 1. 
PROOF. To start with we have 
L ax~(x) = 0, (1) 
XEV(T) 
Let 1] be a representation of S[V(S) - {a}] in Wand r a representation of T such that 
1] and r coincide on [V(T) - {a}]. Since S E A(W), there is a vertex bE (V(S) - V(T» 
such that 
< r(a), 1](b) > "# ¢(a, b) (2) 
By (1) and Proposition 2.4, 
Therefore 
/ L ax r(x), 1](b») ° 
\XE V(T) 
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I.e. 
L (Xx < rex), ,,(b» 0, 
X€ V(T) 
i.e. 
L (Xx</)(x, b) + (Xa [<rea), ,,(b» - ¢(a, b)] O. 
x€V(T) 
Now using (2) and the fact that (Xa =F 0, we have 
L (Xx¢(x, b) =F O. 
XE V(T) 
Therefore S[V(T) u {b}] does not satisfy lrp. Since S E .A(W) it follows by Proposition 
2.6 that V(S) = V(l) u {b}. Again by the same Proposition it is also clear that 
S E .A(1R00 ). 
REMARK 2.8. In the case W = 1R00, we get by Propositions 2.5 and 2.7 that any sigraph 
S E .A(1R00) which has an induced subgraph T with a linearly dependent representation 
does not satisfy lrp and I V(S)I = I V(T)I + 1. 
LEMMA 2.9. If a sigraph S = (V, ¢) has a representation t/J in Doo such that for some 
vertex a E V(S), t/J(a) is an integral combination of t/J(x)s, x E (V - {aD, then any 
representation of S[V - {a}] in Doo can be extended to a representation of Sin Doo . 
PROOF. From the hypothesis, 
t/J(a) L (Xxt/J(x), (Xx S E ?L. 
XE V-{a} 
Suppose" is any representation of S[V - {a}] in D 00 . Define 
" (a) = L (Xx,,(x). 
XE V-{a} 
Then by using Proposition 2.4 it can be seen that < " (a), " (x) ) = < t/J(a), t/J(x» for all 
x E V. Further since < ,,(a), ,,(a» = 2 and ,,(a) is an integral combination of e«s, (X E ?L, it 
can be seen that ,,(a) E Doo. This completes the proof. 
Proposition 2.7 and Lemma 2.9 combined together give the following: 
REMARK 2.10. If a sigraph S E .A (D 00) has an induced subgraph T with a representa-
tion ¢ in Doo such that for some vertex a E VeT), ¢(a) is an integral combination of ¢(x)s, 
x E (V(T) - {a}, then the conclusion of Proposition 2.7 holds. 
A sigraph S is said to be uniquely represented by W if S has a representation t/J. in W 
and for any other representation t/J2 in W there is an automorphism (J of IR OO such that 
(J o t/JI = t/J2 and (J(W) = W. 
If a sigraph S has a unique representation in W, then any of its switching equivalents also 
has a unique representation in W. 
REMARK 2.11. If a sigraph Sin R( W) contains an induced subgraph Twhich is uniquely 
represented by W, then any representation of T can be extended to a representation of S 
in W. 
The sigraphs given in Figure 2 have unique representations in Doo. 
A triangle L in a sigraph s is an induced subgraph of S whose underlying graph is K3 • 
L is said to be odd if there is a vertex in (V(S) - VeL»~ which is joined to odd number of 
vertices of L; otherwise it is said to be even. 
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I \ 
/ \ 
/ \ 
~-----b 
FIGURE 2. 
Let S = (V, ¢) be a sigraph containing an induced subgraph T which is switching 
equivalent to HI or H2 in Figure l. Label the vertices of T by {p, XI, X2, X3} such that 
d(x l ) ~ d(x2) ~ d(X3) ~ d(p) in T. We define subsets typea(T), IX = 1,2,3,4 of the 
vertex set of S depending on T as follows. 
If T is switching equivalent to HI, then: 
typea(T) = {v E (V(S) - V(T»ljtl I ¢(xjv) I + I¢(xa, v)1 = 2}, IX = 1,2,3. 
If T is switching equivalent to H2, then clearly T; = S[p, Xj, X3], i = 1, 2 are triangles. 
In this case: 
typel(T) = {v E (V(S) - V(T» I TI is odd and T2 is even in S[p, XI' X2, X3, v]}, 
typeiT) = {v E (V(S) - V(T» I TI is even and T2 is odd in S[p, XI' X2, X3, v]} 
type3(T) = {v E (V(S) - V(T» I both TI and T2 are odd in S[p, XI' X2, X3, v]}. 
In both the cases: 
type4 (T) = {XE V(S) I S[V(T) u {a} is connected} - [Ui=1 typej(T) u V(T)]. 
T is said to be proper in S if at most one of the sets type.(T), IX = 1, 2, 3 is non-empty. 
The following three remarks can be verified routinely though they require a lot of 
computations. 
REMARK 2.12. If S has a representation in DOC!, then T is proper. 
REMARK 2.13. Suppose for a vertex a E (V(S) - V(T», S[V(T) u {a}] is connected 
and has a representation e in DOC!. Then a E Ui=1 type.(T) if e is linearly independent; 
otherwise a E type4 (T). 
REMARK 2.14. If there is a vertex a E V(S) such that S[V(T) u {a}] does not have a 
representation in DOC!, then it can be verified that S[V(T) u {a}] contains an induced 
sigraph which is switching equivalent to one of the sigraphs in Figure 3. It can be seen that 
none of the sigraphs in Figure 3 satisfies lrp. Therefore S[V(t) u {a}] also does not satisfy lrp. 
()(J;~ 
/1, 
/ \ 
/ -" .... \ ~---~ 
A 
-" " 
" " 
" " cE------;o 
" ./ 
" ....-
' '0"/ 
FIGURE 3. 
/~ /1\ / A , 
I" " ~---~:b 
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PROPOSITION 2.15. Let Sand T be as described above satisfying the following: 
(a) for any a E V(S), S[V(T) u {a}] satisfies lrp, 
(b) T is proper, 
(c) type4 (T) = <p, and 
(d) SlY - {xJ] E R(Doc,), i = 1,2,3. 
Then S E R(Doo). 
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PROOF. We note that any switching of the pair (S, T) also satisfies the hypothesis; 
therefore we can assume that T is either H, or H2 in Figure I. 
First let T be H, . Then by symmetry and (b) we can assume that type, (T) = type2 (T) = 
<p. Let a be any vertex in (V(S) - VeT) such that U = S[V(T) u {a}] is connected (if 
there is no such vertex, then by (d) it can be seen that S E R(Doo » . By Remark 2.14 and 
(a) U has a representation rt in Doo . Since type4 (T) = <p, by Remark 2.13, rt must be linearly 
independent. Since type, (T) = type2(T) = <p, we can assume by switching if necessary 
that rt is given by rt(p) = el + e2' rt(xd = e, - e3, rt(X2) = e, + e3, rt(x3) = e2 + e4 , 
rt(a) = ei + es for some i ~ 4. Thus U is one of the sigraphs in Figure 4. S[p, a, X2, X3] 
is either H4 or Hs in Figure 2. So by Remark 2.11 and (d) we can assume that SlY - {X I }] 
has a representation ~ such that ~(p) = e, + e2, ~(X2 ) = el + e3, ~(X3) = e2 + e4 • 
a 
FIGURE 4. 
Define 
!/I : YeS) -+ Doo 
by 
!/I (x) = { 
el - e), if X = XI, 
~(x), otherwise. 
It is a routine task to see that !/I is a representation of Sin Doo . 
The other case in which T = H2 can also be verified by similar techniques. 
3. SIGRAPHS REPRESENTED BY D 00 
Now we are in a position to prove the main theorem of the paper. 
THEOREM 3.1. A sigraph S has a representation in 0 00 if and only if any induced subgraph 
T of S which is switching equivalent to some Hi, i E {t, 2, 3} satisfies the following conditions: 
(I) for all a, b E YeS), S[V(T) u {a, b}] satisfies lrp, 
(2) T is proper if T is switching equivalent to HI or H 2. 
PROOF. If a sigraph has a representation in Doo , then it satisfies (1) by Proposition 2.6 
and (2) by Remark 2.12. This proves one part of the theorem. 
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For the other, the hypothesis being hereditary it is sufficient to show that a sigraph 
S E A(Doo) does not satisfy one of the conditions of the hypothesis. 
By Proposition 2.2, S contains an induced subgraph T which is switching equivalent to 
some H" oc E {I, 2, 3} in Figure 1. 
Case (a): oc = 3. Then by Remark 2.10, there is a vertex a E V(S) such that S[V(T u {a}] 
does not satisfy Irp. 
Case (b): oc #- 3. Then one of the conditions of the hypothesis for Proposition 2.15 is not 
satisfied. Since (1) => (a), (2) and (b) are the same and (d) is satisfied by minimality of S, 
we have to consider the possibility that type4(T) #- 4>. By Remarks 2.13 and 2.14 there is 
a vertex a E V(S) such that S[V(T) u {a}] has a linearly dependent representation ~ in Doo. 
It can be verified that ~(a) is an integral combination of other ~(x)s. Therefore by Remark 
2.10, there is a vertex bE V(S) such that S[V(T) u {a, b}] does not satisfy Irp. This 
completes the proof. 
Now we describe A(Doo). Let ~ be the collection of all sigraphs S such that S contains 
an induced subgraph Tand there are vertices a, bE V(S) such that S = S[V(T) u {a, b}] 
where Tis switching equivalent to HI or H2 and not proper in S or Tis switching equivalent 
to some Hi, i E {I, 2, 3} and S does not satisfy lrp. Then by the above theorem, clearly 
A(Doo) is the subcollection of sigraphs S in ~ such that no proper induced subgraph of S 
is in ~. 
COROLLARY 3.2. Any sigraph in A(Doo) has at most 6 vertices. 
In the particular case of graphs, the explicit list of all minimal forbidden graphs for 
R(Doo) is given in [2, 5] (see also [7]). 
4. AN ApPLICATION TO QUADRATIC FORMS 
In this section we give an application of our characterization theorem to positive 
semi-definite quadratic forms. For that we need the bound on the number of vertices that 
a minimal forbidden sigraph for L2 can have. 
Let S be a sigraph. It follows from the main result in [I] that the following are equivalent. 
(a) the least eigenvalue of S ~ - 2. 
(b) S has a representation in [ROO. 
(c) each component of S is represented by Doo or E8 (for the definition of E8 see [I]. 
Here the only property which we need is that the dimension of its linear span is 8). 
Using this we prove the following: 
THEOREM 4.1. Any minima/forbidden sigraphfor L2 has at most 10 vertices. 
PROOF. Let S be a minimal forbidden sigraph for L2 • Then by the above result of [I], 
S E A([Roo). Suppose I V(S) I ~ 10. Since Sis notin R(Doo) it contains an induced subgraph 
U which is in A(Doo). Since clearly both Sand U are connected and by Corollary 3.2. 
I V(U)I ~ 6, we can choose a connected subgraph T of S containing U such that 
I V(T) I = 9. Then, Tbeing a proper induced subgraph of S, has a representation in [ROO but 
not in DOC! because T contains an induced subgraph which is in A(Doo). Therefore by the 
above result, T has a representation IjJ in E8 • Since I V(T) I = 9, IjJ is linearly dependent. 
Then by Remark 2.8 I V(S) I = 10. 
The above theorem for the particular case of graphs was proved in [4]. An explicit 
description of the minimal forbidden graphs is given in that. It can be verified directly or 
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FIGURE 5. 
by using the results of [4] (where another such graph is given) that the graph in Figure 5 
is minimal forbidden for L2 showing that 10 is the best possible upper bound in the above 
theorem. 
THEOREM 4.2. If an eigenvalue of a symmetric matrix whose diagonal entries are zero and 
off diagonal entries are integers is less than - 2 then one of its princip~l submatrices of order 
~ 10 also has an eigenvalue less than - 2. 
PROOF. Let A = [aij]' i, j = 1, 2, ... , n, be a symmetric matrix with integral entries 
such that its least eigenvalue A(A) is less than - 2 and aii = 0, i = I, 2, ... n. Suppose that 
none of its proper principal submatrices has an eigenvalue less than - 2. We prove that 
n ~ 10. 
No two rows of A can be identical. For, if so, any first two and the matrix AI is obtained 
from A by deleting first row and column, then A(A) = A(A I ), which is contrary to our 
assumption. 
Now suppose some aij = ± 2. From above, for some k ~ n, aik -# ajk . Then it can be 
verified that an eigenvalue of the submatrix 
C 
aij 
a" ) 
aji ajj ajk 
aki akj akk 
is less than - 2. Therefore n = 3. 
If for some i, j ~ n, ! aij! ~ 3, then the eigenvalues of the matrix 
are ± aij and therefore n ~ 2. 
So we can assume that !aij! < 2 for all i,j = 1,2, ... ,n. Then A is the adjacency 
matrix of a sigraph which is minimally forbidden for L 2 • Therefore by the last theorem it 
follows that n ~ 10. 
COROLLARY 4.3. Let 
n 
Q(x) = L xi + 
;=1 
be a quadratic form which is not positive semidefinite. Then there exists Xo E IRn with at most 
10 non zero coordinates such that Q(xo) < O. 
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